Irregularity strength of trees  by Amar, D. & Togni, O.
ELSEVIER Discrete Mathematics 190 (1998) 15-38 
DISCRETE 
MATHEMATICS 
Irregularity strength of trees 
D. Amar*, O. Togni 
LaBRI, UMR 5800, 351 cours de la LibOration 33405 Talence, France 
Received 25 June 1996; revised 23 July 1997; accepted 16 February 1998 
Abstract 
The main result of this paper establishes that the irregularity strength of any tree with no 
vertices of degree two is its number of pendant vertices. (~) 1998 Elsevier Science B.V. All 
rights reserved 
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1. Introduction 
The irregularity strength s(G) of a graph G is defined in [3] as the minimum integer 
t for which the edges of G can be weighted with 1,2 . . . . .  t in such a way that the 
weighted degrees, i.e. the sum in each vertex of the weights of the adjacent edges, are 
distinct numbers. 
The main results about the irregularity strength of a graph can be found in [4]. In 
[2] Cammack, et al. stated that the irregularity strength of a full d-ary tree for d = 2, 3 
is its number of pendant vertices and they conjectured that the irregularity strength of 
any tree with no vertices of degree two is its number of pendant vertices. 
In this paper we solve this conjecture. 
1.1. Notations 
Let T = (V(T), E(T)) be a tree with at least four vertices and without vertices of 
degree two. Let f be the number of pendant vertices of T. We choose a vertex r of 
degree at least three for being the root, and we give an orientation to the edges, from 
the root to the pendant vertices. For any x E V(T), let E+(x) = {xy, xy is an arc of 
T}; if x is a pendant vertex E+(x) = 0. Let d+(x) = [E+(x)l. 
I f  x is not the root of the tree, x -  is the unique vertex of T such that (x-x) is an 
arc from x - .  
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We denote by a pendant edge an edge for which one of its end-vertex is a pendant 
vertex, an internal edge an edge which is not a pendant edge. 
If v is a weighting function f the edges of T and x C V(T), let dr(x) denote the 
weighted egree of x. 
1.2. Main result 
We prove the following Proposition: 
Proposition 1. Let T be a tree without vertex of degree two, with f pendant vertices. 
We can choose a root r such that there exists a weighting v : E(T) ~ {1 .. . . .  f}  
satisfying 
(i) The pendant edges of T are weighted with distinct numbers, i.e., all the elements 
of {1,2 .... f}.  
(ii) For F = f or f + 1, for all x C V(T) which is not a leaf ~y~e+Cx) v(xy) = 
2(x)F, where 2(x) is a positive integer, and 2(r)~>2. 
(iii) The internal edges are weighted with distinct numbers k, with 1 <~k <~F- 1. 
Theorem 2. The irregularity strength of a tree without a vertex of degree two equals 
its number of pendant vertices. 
Proof. The weighted degrees of the pendant vertices are the distinct numbers 1, 2 . . . . .  f ;  
the weighted degree of the root r is dv(r) = 2(r)F with 2(r)~>2; if x is a non-pendant 
vertex different from the root: 
dr(x) = 2(x)F + v(x-x), 
where 1 <~v(x-x)<~F - 1. Then dv(x) # dv(r), dr(x) # dr(y) for any pendant vertex 
y. If dv(x) = dv(x'), 2(x)F + v(x-x) = 2(x')F + v(x'-x') ~ v(x-x) - v(x'-x') = 
0(mod F) ~ v(x-x) = v(x'-x'). The condition (iii) implies x = x'. [] 
In Section 2 we define basic notations and relations; in Section 3, we give preliminary 
Propositions on pairs and triples of integers; in Section 4, we define general processes 
of weighting the pairs and triples of edges; in Sections 5 and 6, we describe the 
weighting function subject o the values of the parameters. 
2. Proof of Proposition 1 
2.1. Basic definitions 
Definition 3, An F-triple is a set of three positive integers of sum F or 2F. An F-pair 
is a set of two positive integers of sum F. 
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Definition 4. If {al,a2,a3} is an F-triple with 1 ~ai ~<F-1, then {F-a l ,F -a2,F-a3} 
is an F-triple. We say that these two F-triples are conjugate, and we denote by T = 
{al,a2,~3} the conjugate F-triple of T = {al,a2,a3}. 
2.2. Strategy of the proof 
Suppose T is a tree with f leaves such that every non pendant vertex has 
degree 3. 
Let e = (xr) be a pendant edge, where x is a leaf. Let T' be the tree obtained from 
T by suppressing e. T' is a full binary tree with root r and ( f  - 1) leaves. 
By the Cammack et al. weighting [2], the strength of T' is equal to f -  1, moreover 
the leaves have irregularity degrees 1,2,..., f -  1, the root as degree f and the others 
vertices f + ~ with ~ E { 1,2 . . . . .  f - 1 }. 
Then in T, we give the Cammack et al. weights to the edges of T r and we assign 
the value f to the edge e = (xr). The irregularity degrees of the vertices of T ' - r  are 
unchanged, the degree of r is 2 f ,  the degree of x is f .  
We have then obtained an irregular weighting. Hence we shall prove the Proposi 
tion 1 for non-binary trees only, so we can suppose that there exist vertices of degree 
at least four. 
We first choose a vertex of degree at least four adjacent to a maximum number of 
internal edges to be the root. 
We prove that, for F = f or F = f + 1, we can partition the set { 1,2 . . . . .  f}  into 
1 F-pairs, F-triples, and zero or one singleton of value ~F. 
For every non-pendant vertex x, we partition the set E+(x) into pairs and triples of 
edges. We weight these pairs and triples of edges with F-pairs and F-triples. Then 
condition (ii) of Proposition 1 will be satisfied. 
We prove that, with respect o the previous conditions, we can weight the pendant 
edges, respectively the internal edges, with distinct integers; moreover if F = f no 
internal edge is weighted with f ;  the conditions (i) and (iii) are then satisfied. 
2.3. Decomposition i to pairs and triples of edges 
Def in i t ion  5. We say that a triple of edges is 
- -  of type ~ if it has i pendant edges and 3 - i internal edges, 1 ~< i ~< 3, 
- -  o f  type ~3 if it has no pendant edges and three internal edges. 
A pair of edges is 
- -  of type ~i if it has i pendant edges and 2 - i internal edges, 1 ~< i ~ 2, 
- -  of type ~¢2 if it has no pendant edges and two internal edges. 
Let x E V(T) be a non-pendant vertex and let a be the number of pendant edges of 
E+(x), b be the number of internal edges of E+(x), a + b>~2. 
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The partition of E+(x) into pairs and triples of edges is not unique, hence we observe 
the following rules, except in some special cases we will notice later when they happen. 
a=0 a=l  a=2 a=2k+2 a=2k+3 
b=0 
b=l  
b = 2 1,~2 
b = 2k t + 2 (k t 3- 1 )~2 
b = 2k I + 3 kt~2 + 1~3 
1~2 (k + 1)~2 k~2 + 1Y~ 
l~ l  l~  (k - 1 )~2+ (k 3- 1 )~23- 
1~ + 1~1 l~ l  
I l l  1.~2 3- 1~2 (k + 1)~2+ k~2 q- 1 ,~+ 
1~2 1~2 
(k' - 1),~2+ (k t + 1) (k 3- 1 )b~ 2-1- kb~ 2 + 1,Y~ + 
1,~3 + 1~1 ,~2 + 1~2 (k t + 1)~2 (k t + 1),~2 
(k t 3- 1),~23- k'~23- (k + 1),~23- k,~2 + 137-33- 
l~ l  1~3 + 1~2 k~2 + 1~3 k~2 + 1~/3 
3. Preliminary propositions on pairs and triples of integers 
Let F be a positive integer, F/> 6. 
3.1. General F-triples and pairs 
Let 
1 2 ... m ) 
M= F-1  F -2  ... F -m 
be the 2 × m matrix with m~< [½(F - 1)J. 
For 1 <<,j<~m, we denote by Cj the two-elements set { j ,F - j} .  If a,b are positive 
integers, let [a, b] denote the set of integers n E I~, a ~< n~< b. We prove the following 
Lemmas: 
Lemma 6. Let k, r, s be positive inteoers. I f  the intervals [1, k], [ r -  [k/2], r+ Fk/2] - 1], 
[ s -  Lk/2J,s + [k/2]] .are disjoint and included m [1, m] the elements of Uj~jC 2 where 
J = [1,k] t3 [r - [k/Z],r + [k/2] - 1] U [s - Lk/ZJ,s + Lk/2J] can be partitioned into 
2k F-triples and one F-pair. 
Proof, The pair is {s, F - s}, the F-triples are: for 1 ~<j~< [~J,{2j, s - j , F  - s - j}  
and their conjugate, and for l~<j~<[~],{2j - 1,r - j , F  - r - j  + 1} and their 
conjugate. [] 
Lemma 7. I f  F = 6k + 1 the set { 1,2 ... .  ,6k} can be partitioned into 2k F-triples. 
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Proof. The proof of the Lemma 7 is based on the theorems of Skolem [5] and Bermond 
et al. [1] 
Let M be the 2 x 3k matrix: 
(1  2 ... 3k -3  3k -2  3k -1  3k ) 
M= 6k 6k -1  ... 3k+4 3k+3 3k+2 3k+l  
(a) If k _-- 0 or 1 (mod4) the set {1,2,3 . . . . .  2k} satisfies the Skolem's condition 
[5] and there exists a set {ai, 1 <<.i<~k} such that {ai, ai+i, 1 ~i<~k} = {1,2,...,2k}; 
by lemma 3.3, for 1 ~< i ~<k there exist two conjugate triples the elements of which are 
those of the set Ci U Ck+a, U C~+a,+i. 
(b) If k - 2 or 3 (mod 4) the following are F-triples: {1,3k - 3,3k + 3}, {2,3k, 
3k - 1 } and their conjugate. Their elements are those of the set C1 U Ca U C3k-3 U 
C3k-2 U C3k-1 U C3~. 
As k - 2 = 0 or 1 (mod 4), by the theorem of Bermond el al. [1], there exists 
a set {ai, 3<~i<<.k} such that {ai,ai + i, 3<~i<~k} = {1,2 .. . . .  2k -  4}; then for 
3 ~< i ~<k there exist two conjugate triples the lements of which are those of the set 
Ci U Ct+a, U Ck+~,+i. [] 
A corollary of Lemmas 6 and 7 is the following Proposition: 
Proposition 8. Let f = 6k + 2 p + ~l with t 1 = 1 or q = 0, 2p + t l ~ 1. For F = f + 1, 
we can partition the set {1,2 . . . . .  f}  into 2k F-triples, p F-pairs and q singleton. 
3.2. ~2- Triples 
Definition 9. A family of conjugated F-triples {Tj,Tj, O<~j<~l-1} is a J-2-family if 
for Tj = (al(j),a2(j),a3(j)}, 
(1) I Uo<~i<~l_l(Ti UTi ) [  = 4l, 
(2) al(0) = a2(0), 
(3) a2( j )=a2( j -  1) i f j  even, l~ j~ l -  1, 
(4) a3(j) = a3(J '-  1) i f j  odd, l<<.j<~l- 1. 
az(j) for j even (resp. a3(j) for j odd) is called the internal value of Tj; a2(J') for j 
even (resp. a3(j) for j odd) is called the internal value of Tj. 
Proposition 10. Let p >1 1, k >/0, 1/> 0. 
(1) l f  f = 6k + 41+ 2 p + q, q = 0 or 1, F = f+ l ,  there exists a set of k F- 
triples and their conjugate, a 3-2-family of 2l F-triples, a set of p F-pairs and 
t l singleton that cover the set {1,2 . . . . .  f}. 
(2) I f  f = 6k + 4l + 2p - 1, F = f + 1, there exists a set of k F-triples and their 
conjugate, with one triple and its conjugate both using ( f  + 1)/2, a Y2-farnily 
of 2l F-triples, and a set of p F-pairs that cover the set {1,2 .... , f}.  
Proof. (1) Let ~, 2k + 2 l+ 1 ~<~<2k + 2 l+ p. 
20 D. Amar, O. TognilDiscrete Mathematics 190 (1998) 15-38 
If q = 1, f is odd and s = ( f  + 1)/2 is the singleton. 
Case l even: The following triples Ti = {al( i ) ,a2( i ) ,a3( i )} and their conjugate 
Ti = {a l  (i), a2( i ) ,  ~3(i)}are F-triples. 
al (i) a2(i) a3(i) i 
k-2 i -1  k+ 3 l+ i+ l  F - (2k+ 3 l )+ i  0~<i~<L2k-J - 1 
k - 2i ct + i F - ( et + k ) + i 0~<i~<[~-2 J -  1
They use the sets Cj, j E [1,k]U[k+ 31+ 1,2k+ 23-1] u [~,~ +k], except he set C/, 
i=~+k/2  i fk  is even, i=  23-(k+ 1)+ 3 l -  1, i fk  is odd. 
The following triples Tj = {al(j), a2(j), a3(j)} and their conjugate form a ~2-family. 
al(j) az(j) a3(/') j 
k + l -2 j -  1 k + l + j  + 1 F - (2k  + 21)+j O<~j<~ t -1  
k + l -2 j  k + l+ j  F - (2k  + 2 l )+ j  O<~j<~½ - 1 
They use the sets Ci, i E [k + 1,2k + 2l] \ [k + 31 + 1,2k + 3l]. 
3k + 2l two-elements sets have been used, so there are Lf/2J - 3k - 21 = p two- 
elements ets left. 
• Case I odd: The following triples Ti = {al( i ) ,a2( i ) ,a3( i )} and their conjugate are 
F-triples. 
al (i) a2(i) a3(i) i 
k-2 i -1  k+~( l -1 )+ i+ l  F - (2k+ 3( l - l ) )+ i  O<~i<~Lk/2J-1 
k - 2i c~ + i F - (c~ + k) + i 0~<i~< L(k + l)/2J - 1 
The following triples Tj = {al(j), a2(J'), a3(j)} and their conjugate form a ~2-family. 
al(j) a2(j) a3U) j 
k + l -  2 j -1  k + l + j + l F - (2k  + 2l)+ j O<~j<~(l- 1) /2 -  1 
k + l -  2j k + l + j  F -  (2k+ 21) +j  O<~j<~(l- 1)/2 
See Example A. 1 for an illustration. 
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(2) The proof is similar to (1), with ct = [ ( f  + 1) /2] -k  = 2k+2l+p.  The F-triples 
{k,[(f  + 1) /2 ] -k , ( f  + 1)/2} and its conjugate {F-k , [ ( f  + 1) /2]+k, ( f  + 1)/2} both 
use the value ( f  + 1)/2. Example A.2 gives an illustration of this case. [] 
3.3. ~J-l-triples 
Definition 11. Suppose we have defined a set o~ of disjoint F-triples and F-pairs and 
let S be a set disjoint from ~-, the elements of which are the integers of a union of 
F-pairs. 
A set of F-triples {Tj, T-~, l<~j<<.q} is a J l-family with support S relative to ~ if 
I - - !  (1) there exists a bijection a from {Tj, Tj, l<<.j<<.q} into S such that 
Vj, l <~j<~q, a(Tj) E Tj, a (T~)= ~(Tj), 
(2) Vb E Tj, b # a(Tj) (resp Vb E T-~, b # a(r-~.)), two occurrences of b exist in 
! - - I  
Ui~h~q(T~ u Th) U ~,  
(3) at most one occurrence of any element of o ~ and two occurrences of any element 
of S exist in Ul,<j,<q(7"j u T-~.). 
The integer a(Tj) is called the extra-value of the triple Tj, the others are the internal 
values of the triple. 
Proposition 12. Let f =6k+2q+2(p+e)+r / ,  e =0 or e= 1, q =0 or q = 1, 
with q <~ k, and q <~ k - 1 if  e = O. For F = f + 1 there exist 
- -  a set of  2k F-triples {Ti, l <<.i<~k} and their conjugate {Ti, l <~i<<.k}, 
- -  one F-pair if e = 1, 
- -  a ~--l-family of  2q F-triples {Tj, l <~j<~q} and their conjuoate {T~, l <~j<~q}, 
relative to the previous set ~ of  F-triples and the F-pair i f  e = 1 such that the 
internal values of  the triples Tj, -T~. belon9 to at most (2q + 2) F-triples of  
and, may be, one F-pair. 
- -  p F-pairs, 
- -  ~ sinyleton 
that cover the set {1,2 .... f}.  
3.3.1. Proof  of  the case ~ = 1 
For F = f + 1 we describe two possible constructions of the F-triples and 
one F-pair whose elements are those of the sets Cj, 1 <~j<~3k + 1; corresponding 
to each of these constructions a construction of a ~-fami ly  of 2q triples is 
defined. 
First step: Construction A of  2k F-triples and one F-pair. The pair is {k + Lk/2J + 1, 
f - k - [k/2J }. 
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A solution is given by the k triples described above and their conjugate. 
T2i" 2i, k + Lk/2J + 1 - i, f - k - [k/2J - i 1 ~<i~< [k/2J 
Tzi-1 : 2i - 1, 2k + [k/2J + 2 - i, f - 2k - [k/2J - i 1 ~<i~< [k/2] 
Construction B of 2k F-triples and one F-pair. The pair is {3k - Lk/2J + 1, 
f - 3k + Lk/2] }. 
A solution is given by the k triples described above and their conjugate. 
Tzi" 2i, 3k - Lk/2J + 1 - i, f - 3k + Lk/ZJ - i 1 ~< i ~< [k/ZJ 
Tzi-i ' 2 i - I ,  2k -  [k /Z J+ l - i ,  f+ l -Zk+[k /Z J - i  l<~i<<.Ik/2] 
We then construct a J-l-family of 2q triples relative to the F-triples and the F-pair 
with support S = Ul~<j~<q Csk+j+l; we have to distinguish the cases q odd and q even. 
• Caseqodd, q=21+l .  
Second Step." Construction A of a 9-i-family of 2q F-triples. A solution is given 
by the q triples described above and their conjugate: 
Tj p" 2j, 3k+Z+l - j ,  f + l - (3k+Z+l+j )  l<~j<<.l 
Tj+t: 2 j+2t -1 ,  3k+2- j -2 t ,  f+ l - (3k+l+j )  l~<j~<l+l  
where t is an integer satisfying [2t + 1,2t + 21 + 1] C[1,k]; as k>~q = 2l + 1, such 
t exist. The third element of each triple is its extra-value. See Example B.1 for an 
illustration. 
Construction B of a 9-i-family of 2q F-triples for k >>.q + 1. A solution is given by 
the q triples described above and their conjugate: 
Tj" 2 j - l ,  3k+3+l - j ,  f + l - (3k+Z+l+j )  l<~j<~l 
Tj+ t : 2j +2t ,  3k + 1 - j -  2t, f + 1 - (3k + 1 + j )  1 ~<j~<l+ 1 
where t is an integer satisfying [2t + 2, 2t + 2l + 2] C [ 1, k]; as k ~> q + 1 = 2l + 2, such 
t exist.The third element of each triple is its extra-value. 
Third step." Choice of t. Then we can choose an integer t for which the Proposition 
12 is satisfied. 
In the construction A the 2l F-triples Tj, --T~, 1 <~j<~ l have the first element common 
with T2j, T2j; the 2/+2 F-triples TJ+j, TI+j, 1 ~<j~</+1 have the first element common 
with the F-triples T2j+2t-l, T2j+2t-1 and the second element common with the F-triples 
T2i-l and T2i-l for any i, 1 ~<i~< [k/2] such that 2k + [k/2J + 1 + i = 3k + 2 - j  - 2t 
for some j, 1 <~j<~l+ 1, i.e. for i = k -  [k/2J - j -2 t+ 1; then i describes the interval 
[k - [k/2J - 2t - l, k - Lk/2J - 2t] while j + t describes the interval [t + 1, t + l + 1 ]. 
I f  for some t, [t + 1, t + l + 1] = [[k/2] - 2t - l, [k/2] - 2t], i.e. if [k/2] - l - 1 = 0 
(mod 3), we define the triples by constructions A for the F-triples and the ~- fami ly  
I (~k /2] -  l -1 )  with t = ~ 
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Then, the F-triples Tj, T-~ have common elements with Tzj, T2j, 1 ~<j ~< l and with 
Tzi-i, T2/-1 for t+ 1 <~i<~t+ l+  1, hence with 4 l+2 --- 2q F-triples Ti, Ti, 1 <~i<~q. 
If it is not the case, Fk/2~ >~ I + 2 and the construction B is possible. 
In the construction B, the 2l triples Tj, Tj, l~<j~< l have the first element common 
with Tzj-I,T2j-1; the 21 + 2 triples T[+j, Ttt+j, l<<.j<~l + 1 have the first element 
common with the F-triples Tzj+2t, T2j+2t and the second element common with the F- 
triples T2i and T2i for any i, 1 <~ i <<. [k/2J such that 2k + Ik/21 + 1 + i = 3k + 1 - j  - 2l 
for some j, l<~j<~l + 1, i.e. for i = Lk/2j - j -  2t; then i describes the interval 
[L~J -2 t -  l -  1, [k/2J -2 t -  1] while j+  t describes the interval [t-~ 1,t ~ / i 
If Lk/21 - l -2  =- 0 (mod 3) we can choose t -- ½( [k/2J - l -2 )  and the constructions 
B for the F-triples and the J-l-family. 
- - !  
Then, the triples T[, T h of the Yl-family have common elements with 4l ~ 2 :: 2,/ 
F-triples Ti, Ti, 1 ~< i ~< k. 
Hence we suppose: 
Lk/ZJ - l - 2 ~- 0 (mod 3), Ik/2] - 1 - 1 ~ 0 (mod 3 ). 
If k is even, there exists t~> 1 satisfying § - l = 3t; with this choice of t, in lhc 
constructions A, i describes [t,t + l], j + t describes It + 1, t + l + 1]; then, the 
triples Tj, T; of the 9"-l-family have common elements with T2j, Tzj, 1 <~j <~ I and with 
T2i-l, Tzg-1 for t<<.i<~t+l+l, hence with 4 l+4 =2q+2 F-triples Ti, Tg, 1 <~i~k. 
See Example B.2 for an illustration. 
If k is odd, there exists t satisfying ~k/2j - l - 1 = 3t, and in constructions B i 
describes [t, t + l], j + t describes [t + 1, t + l + 1 ]. 
- - t  
Hence in both case, the triples T[, T h of the Y-l-family have common elements with 
at most (2q + 2) F-triples Ti, -Ti, 1 <~ i <~ k. 
• Case q even, q = 2l. 
Second Step. Construction B of a ~-l-farnily of 2q F-triples. A solution is given 
by the q triples described above and their conjugate: 
T~" 2 j - l ,  3k+Z+l - j ,  F - (3k+l+l+ j )  l<~j<<.l 
Tj+~" 2j + 2t, 3k+l - j -2 t ,  F - (3k+l+j )  l<~j<~l 
where t is an integer satisfying [2t + 2,2t + 21] C[1,k]; as k ~>q ~>2l, such t exist. The 
third element of each triple is its extra-value. See Example B.3 for an illustration. 
Construction A of a ~--l-family of 2q F-triples for k >~q + 1. A solution is given 
by the q triples described above and their conjugate: 
T )  2j, 3k+2+l - j ,  F - (3k+2+l+j )  l<~j<~l-1 
T~+l_ 1 " 2 j+2t -1 ,  3k+2- j -2 t ,  F - (3k+l+j )  l~<j~<l+l  
where t is an integer satisfying [2t + 1,2t + 2l + 1] C[1,k]; as k >~ q + 1 ~> 2l + 1, such 
t exist. The third element of each triple is its extra-value. 
Third Step." Choice of t. In the construction B, the 2l F-triples T/, Tj, 1 ~<j ~< 1 have 
the first element common with the F-triples T2j-1, T2j-I;  the 2I F-triples T~+j, T~I+j, 
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1 ~<j ~< l have the first element common with the F-triples T2j+2t, "T2j+2t and the sec- 
ond element common with the F-triples T:i, T2i for any i, 1 ~<i~< [k/2], such that 
3k - [k/2J + 1 + i = 3k + 1 - j - 2t, i.e. for i = [k/2J - j - 2t; then i describes the 
interval [ Lk/2J - l - 2t, Lk/2J - 1 - 2t] while j + t describes the interval It + 1, t + l]. 
If for some t, [t + 1, t + l] = [ [k/2J - l - 2t, [k/2J - 1 - 2t], i.e. if Lk/2J - l - 1 - 
0 (mod 3), we define the triples by constructions B with t = 1( [k /2 J -  l -1 ) ;  if Lk/2J = 
l, for t = 0, i describes [0, l -  1], the elements of the pair {2k+ [k/2] + 1, f -2k -  rk/2] } 
belong to the F-triples T~t and Tt2t. 
• I - - !  Then the F-triples Tj, T) have common elements with 2q F-triples Ti, -Ti, 1 <<. i <~ k 
and, may be, one F-pair. 
If  [k/2J - l ~ 0 and Lk/2J - l - 1 ~ 0 (mod 3), then [k/2J/> l + 2 =~ k/> 2l + 4. 
In the construction A, the 2 / -  2 F-triples Tj', --T~, 1 ~<j ~< / - 1 have the first element 
common with the F-triples T2j, T2j; the 2l + 2 F-triples T[_I++~., Tt_~+j, 1 <<.j<~l + 1 
have the first element common with the F-triples T2j+2t-1, T2j+2t-1 and the second 
element common with the F-triples T2i-1, T2i-1 for any i, 1 ~<i ~< rk/2], such that 
3k - rk/2] + 1 + i  = 3k+2 - j -2 t ,  i.e. for i = [k/2] + 1 - j -2 t ;  then i describes the 
interval [ Fk/2] - l - 2t, rk/2] - 2t] while j + t describes the interval It + 1, t + l + 1 ]. 
If for some t, It + 1,t + l + 1] = [[k/2] - l - 2t, [k/2] - 2t], i.e. if Ik/2] - l - 1 =_ 
1 k 0 (mod3), we define the triples by constructions A with t = ~(r~] - l - 1). 
Then the F-triples Tj', Tj have common elements with 2q F-triples T,-, Ti, 1 ~< i ~< k. 
Hence we suppose 
Lk/2J - l - 1 ~ 0 (mod 3), rk/2q - l - 1 ~ 0 (mod 3). 
If k is odd, there exists t~>0 satisfying [k/2J - l  = 3t + 2, then in the construction 
B, t+ j  describes [ t+ 1 , t+ l] while i describes [ t+2, t  + l+  1]; 
If k is even, there exists t~>0, such that (k /2 ) -  l -  1 = 3t + 1, and in construction 
B, t + j  describes [t + 1, t + l], i describes It + 2, t + l + 1 ], or there exists t t> 0 satisfying 
(k /2 ) -  l = 3t, and in the construction B, t + j  describes [t + 1, t + l] while i describes 
[t,t + l -  1]. 
Then the F-triples Tj,-T~ have common elements with at most 2q+2 F-triples T/, Ti, 
l <~i<<.k. 
3.3.2. P roo f  in the case e = 0 
By the process described in the case ~ = 1, we can construct a set of 2k F-triples, 
and a ~- fami ly  of (2q-2)  F-triples using the sets C3k+j+l, 1 ~<j ~< q-  1 and elements 
of at most 2q F-triples T,- or Ti, 1 ~< i ~< k. The set Cno, with no = k + Lk/2J + 1 in 
constructions A, no = 3k - Lk/2] + 1 in constructions B have not been yet used. If we 
have used constructions A, let Tq = {1 , f  - n0,n0} and T~ be its conjugate; they use 
the sets C1 U C, o tA C,0+1; the elements of C1 and Cno+l are not yet used for internal 
values of the F-triples TS, T~, 1 <<.j<~q- 1, and they belong to the F-triples 7"1 U T1 
and /'2 U T2 which already intersect T 1' t_J T~l; if we have used constructions B, let 
Tq = {k, no -  k , f  + I - no} and T'q its conjugate; they use the set Ck t_J Cno tA C,o_k, 
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no - k = 2k - Lk/2J + 1; the elements of Ck and Cno-k are not yet used for internal 
values of the F-triples Tj,T~, 1 ~ j  ~<q- 1, and they belong to the F-triples Tk and 
Tk and TI t_J T1 which already intersect T; U T~l . 
h i  
In any case Tq and Tq have common elements with only two new conjugate F-triples 
Ti t3 Ti, 1 <<.i<<.k and the Proposition is proved. [] 
4. Processes of weighting 
The idea of the proof is to weight the triples of edges with F-triples and the pairs 
of edges with F-pairs, in such a way that triples of types ~/, i = 1,2 are assigned 
previously defined ~--/-triples. The aim is to obtain a weighting satisfying conditions 
(i) and (iii) of Proposition 1. First we use the following processes: 
4. I. Weighting pairs and triples of edges including pendant edges 
Process 1. An F-triple is used to weight a triple of edges of type Y3; we use a 
maximum of conjugate F-triples for triples of type ~3. 
Process 2. An F-pair is used to weight a pair of edges of type ~2. 
Process 3. We associate a triple of type 9"1 and a triple of type 9-2 and weight the 
edges (3 pendant edges and 3 internal edges) with one F-triple. 
Process 4. We associate two triples of type Yl and two pairs of type ~2 and weight 
them with two conjugate F-triples (pendant edges are represented with a circle at one 
end-point and internal edges in bold): 
Process 5. We associate two pairs of type ~1 and weight the edges (2 pendant 
edges and 2 internal edges) with one F-pair. 
Process 6. We associate a triple of type ~-i and a pair of type ~1 and weight the 
edges in the following way: 
Process 7. We weight a set of 2l triples of type ~--2 with a Y2-family of 2l triples 
defined in Proposition 10. Internal values are given to the internal edges. 
Process 8. We weight a set of 2q triples of edges of type J'l with a R-family of 
2q triples relative to a set of F-triples as defined in Proposition 12. The extra-values 
are given to the pendant edges. 
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4.2. Reduction processes 
As we have defined conjugate F-triples, that is to say an even number of F-triples, 
we use the following reduction process to decrease by one the necessary number of 
F-triples, if it is odd. 
4.2.1. Suppressing one pendant edge 
Suppose T p is a tree obtained from T by suppressing one pendant edge. The number 
of pendant vertices of T / is f l  = f - 1; if there exists a weighting of T ~ satisfying 
Proposition 1 with F = f = f '  + 1, we can weight f the pendant edge of T\T', then 
there exists a weighting of T satisfying Proposition 1 with F = f .  
4.2.2. Changing the root 
In some special configurations, by changing the root of the tree we can apply a 
weighting we have already defined. 
4.3. Notations and relations 
Let ti be the number of triples of type Y/, Pi the number of pairs of type ~i ,  ri the 
number of triples or pairs of type ~Ri. 
I f  [V(T)[ = n, ]E(T)[ = m, and f is the number of pendant vertices of T, the 
following relations are satisfied: 
f = tl + 2t2 + 3t3 + Pl +2p2, 
m = 3(tl + t2 + t3 +1"3)+2(p l  + p2 +r2). 
Because d + (r) ~> 4, we have n ~< f + (q + t2 + t3 + Pl + p2 + rz + r3) - 1 that implies 
n<<.4t3 + 3t2 +2t~ +3p2 -J-Jpl q- ?'2 +13 - -  1 
and we obtain the fundamental inequality: 
t3 + p2>~t~ +r2 + 2r3 +2.  (1) 
The chosen processes depend on the values of the parameters ti, pi, r,. 
For the same number of ~--l and R-tr iples,  we use process 3; then in Section 5 we 
shall consider the case t2 ~> tl, in Section 6 the case tl > t2. 
4.4. Weighting pairs and triples of internal edges 
When we have obtained a weighting for triples of type J/,-, i = 1,2, 3 and pairs of 
type ~i,  i = 1,2, we have still to weight the remaining internal edges (pairs of type 
~2 and triples of type ~3). By using the fundamental inequality 1, we check that it 
is possible to satisfy condition (iii) of  Proposition 1 in every case. 
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5. Case t2>~tl 
• P2 + Lpl/2J >>.1. 
As d(r)~>4, the relation 1 holds: t3+p2>~tl +2r3+r2+2 and therefore 2(p2-r2)~> 
4r3 - 2t3 + 2fi + 4. 
Let 
t~' = t2  - t l ,q  -~  Pl - 2[pl/ZJ .  
f = 3(fi + t3) + 2(t2 - tl) + 2(p2 + Lpl/2J) + r/ 
= 3(tl + t3) + 2t~' + 2(p2 + [p l /2 J )  + ,. 
5.1. Case t~' even 
5.1.1. Case tl + t3 even 
By Proposition 10, we can define for F = f+ 1, (tl +t3 +2 [(P2 - 1)/3J ) F-triples, a 
~-2-family of t~' F-triples, [pl/2J + 1 F-pairs and q singleton, such that (tl +t3 ) F-triples 
among the (q + t3 + 2[ (p2-  1)/3J), the t~' F-triples of the Y-2-family, p2 + [p~/2J 
F-pairs and ~/ singleton cover the set {1 ,2 , . . . , f} .  Then, we can apply processes 1-7 
to weight triples and pairs of edges of type ~/ ,~ j ,  and if r /=  1, we use the singleton 
to weight the two edges of the remaining pair of type ~ l .  
The triples of type ~3 are then weighted with F-triples that are not yet used for 
internal edges; this weighting is possible if: 
r3 ~<t3 + 2[(p2 - 1)/3J 
As r3 <~ (t3 + P2 - r2 - tl - 2)/2, one just need t3 + P2 - r2 - tl - 2 ~< 2t3 + 4 [(p2 - 1 )/3 J. 
Let Pz - 1 = 32+y,  0~<y~<2, we obtain 32+~-  r2 - t~ - 1 ~<t3 +42 ¢* r2+t l  + 
t3 + 21>y - 1 which is true unless 7 = 2, t2 = 1"2 = t3 = 2 = 0 but in this case, 
r3<. ( t3+P2- r2 - t l -2 ) /2~ <1 ~ r3 =0.  
Finally, we have to weight the pairs of type ~2 with F-pairs not yet used for internal 
edges. We have used less than 3(tl + r3 + 1) + Ipl/2J + t~' pairs for internal edges, 
so the weighting is possible if 2r2 ~<3(t~ + t3) + 2t~' + 2(p2 + [p l /2 J )  - 3(q + r3 + 
1) - 2Lpl/2 j - 2t~ ~ ¢=~ 2r2 ~<3t3 - 3r3 +2p 2 - 3 ¢* 2(p2 - r2)>/3r3 - 3t3 + 3. As 
2(p2 - r2)~>4r3 - 2t3 + 2tl + 4, one just need 4r3 - 2t3 + 2fi + 4~>3r3 - 3t3 + 3 ¢:~ 
r3 + t3 + 2tl + 1 >/0. This inequality is always satisfied. 
5.1.2. Case tl + t3 odd 
(a) t3 t> 1 By the reduction process 4.2.1 on one pendant edge of a triple of type 
~3, we obtain tl + t~ even and we are in case 5.1.1. 
(b) t3 = 0 ==~ tl/> landp2 >_.2 + tl >>.3. 
f =3t l+2t~ t+2(p2+ [p l /2 J )+o,F=f+l .  
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If q = 1, f = 3(tl + 1)+ 2tJ' + 2(p2 - 1 + lPl/2J). By Proposition 10, there exist 
(tt + 1 + 2[(p2 -2) /3 J )  F-triples, a ~2-family of tJ r triples and Lpl/2J + 1 F-pairs, 
such that (q + 1 ) F-triples among the (h + 1 + 2 L(p2 - )/31 ), the tJ' F-triples of the 
~2-family and P2 - 1 + [pl/2J F-pairs cover the set {1,2,... , f} .  We use an F-triple 
and its conjugate to weight one triple of type ~1 and one of type Y-2, one pair of type 
~2 and one of type ~1 in this way: 
If q = 0, f = 3(tl + 1)+ 2tJ' + 2(p2 - 1 + [p l /2 J ) -  1 is odd. By Proposition 
10, there exist (tl + 1 + 2[ (p2-2) /3 J )  F-triples with one triple and its conjugate 
both containing ( f  + 1)/2, a Jz-family of tJ' triples and Lpl/2J + 1 F-pairs, such that 
(tl - 1) F-triples among the (tl + 1 + 2L(p2 -2) /3 J ) ,  the two triples containing the 
value ( f  + 1 )/2, the tJ r F-triples of the °Jz-family and P2 - 1 + [pl/2J F-pairs cover 
the set {1,2,. . . , f}.  We use the F-triple and its conjugate which contain the value 
( f  + 1)/2, in this way: 
With the processes 1-7, we weight all the pairs and triples of types ~/, ~j  not yet 
weighted. 
The triples of type ~3 are then weighted with F-triples that are not yet used for 
internal edges. We have used p2 - 1 pairs to weight only pendant edges, so the 
following inequality must be verified: 
If P2 ~ 1 (mod 3), r3 ~< 2 L(p2 - 1 )/33 . we have to verify r3 ~< 2(p2-  3) ¢* 2p2/> 
3r3 + 6; but 2(p2 - r2)>~4r3 - 2t3 + 2tl + 4 and tl/> 1 ~ 2p2 ~>4r3 + 6. 
If P2 -- l(mod3), we need r3~<2L(p2 - 1)/3J -2 .  p2 = 32+ 1~>2r3 +3,  so if 
r3/> l, 2/>2. r3 ~<2 L(p2 - 1)/3J -2  ¢=~ r3 ~<22 - 2 but p2 ~>2r3 q-3 ¢* 32+ 1 ~>2r3 + 3. 
Therefore, it is enough to have 32-2  ~<42-4 ¢* 2_->2. Finally, we weight he pairs of 
type ~2 with F-pairs not yet used for internal edges. There is at least p2 - 1 - 3(r 3 q- 1 ) 
pairs used only to weight pendant edges, so we have to verify: 
r2<.P2 - I - 3(r3 + 1) ¢* 2(p2 - r2)~>3r3 +5. But 2(p2 - rE)/>4r3 -2t3 +2h +4 
gives us 2 (p2-  r2)>~4r3 + 6. 
5.2. Case tJ' odd 
5.2.1. Case tl + t3 even 
By the reduction process 4.2.1 on one pendant edge of a triple of type Y2, we are 
in case 5.1.1. 
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5.2.2. Case tl + t3 odd 
(a) tl >/1 By the reduction process 4.2.1 on one pendant edge of a triple of type 
3-1, we are in case 5.1.1 (t~ = tl - 1, so t2 - t '  1 = t2 - t l  + 1 and t~ +t3 are both even). 
(b) tl = 0 ~ t3 >1 1 f = 3t3 + 2t~' + 2(p2 + [p l /2 J )  + t/, F = f + 1. 
I f  1/ = 1, f = 3(t3 + 1) + 2(t~" - 1) + 2(p2 + Lpl/2]). By Proposition 10, there 
exist (t3 + 1 +2[ (p2  - 1)/3J) F-triples, a ~2-family of (t~' - 1) triples and Lpl/2] + 1 
F-pairs, such that (t3 + 1) F-triples among the (t3 + 1 + 2/(p2 - 1)/3]), the t~' - 1 
F-triples of the 3-2-family and P2 + Lpl/2] F-pairs cover the set {1,2 .. . .  , f} .  We use 
an F-triple and its conjugate to weight one triple of type ~2, one of type ~3, and one 
pair of type ~ l  in this way: 
If  r /=  0, f = 3(t3 + 1) + 2(t~" - 1) + 2(p2 + Lpl/2J) - 1 is odd. By Proposition 
10, there exist ( 3 + 1 + 2L(p2 - l)/3J ) F-triples with one triple and its conjugate both 
containing ( f  + 1 )/2, a ~- fami ly  of (t~' - 1 ) triples and [pl/2J + 1 F-pairs, such that 
(t3 - 1) F-triples among the (t3 + 1 + 2[(p2 - 1)/3J), the two triples containing the 
value ( f  + 1)/2, the t~' - 1 F-triples of the J-2-family and p2 + Jpl/2J F-pairs cover 
the set {1,2 . . . . .  f} .  We use the F-triple and its conjugate which contain the value 
( f  + 1)/2 to weight a triple of type ~2 and a triple of type ~3 in this way: 
By the processes 1-7, we weight all the pairs and triples of types Y/, ~ j  not yet 
weighted. 
The triples of type ~3 are then weighted with integers that are not yet used for 
internal edges. We have used P2 F-pairs and t3 - 1 F-triples to weight only pendant 
edges, so the following inequality must be verified: 
r3<~t 3 - 1 + 2[(p2 - 1)/3J 
i.e. P2 - 1 >~ 3(r~' - t3 + 1), where r~' = r3 + e, e = 0 if r3 - t3 is odd, e = 1 if r3 - 
t3 is even. This implies 2P2 >>.3r~'-3t3 +5 ¢:~ 3t3 +2p2 ~>3r~'+5. As 2 (p2- r2 )>~4r3-  
2t3+2tl +4,  we have to verify t3+2r2+4r3+4>~3r3+3~+5 that is t3+2r2+r3 ~>3e+l. 
I f  Jr3 - t31 = 1, e = 0 and the inequality is verified. In case r3 = t3 = 1, if r2 t> 1 we 
have to verify t3 +r3  >~3e - 1, which is true; if p l />2,  one can form t3 + 1 + 2[p2/3J 
F-triples, so we have to verify 2p2 >>. 3r~' - 3t3 + 3 which gives t3 + r3 t> 3e - 1, ok. 
The only missing case is t3 = r3 = 1, r2 = tl = 0, Pl = 0 or 1. By changing the root 
we will go back to an already checked case: 
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I f  the root r is incident with the triple of  type ~3 and the triple of  type ~3, these 
two triples can be interpreted as one pair of type ~2, one of  type ~1, and one of type 
.~2; so the parameters are t~ = r~ -- 0, p~ = P2 + 1, p~ = Pl + 1, r E = 1 and we are 
back to case 5.2.1. 
If  the root r is incident with the triple of  type ~3, we have d+(r ) /> 5 and we take 
the vertex r '  incident with the triple of type J3  to be the root. The new parameters 
are t~ = t3 - 1, p~ = pz + 1, p~ = pl  + 1 and we are in case 5.2.1. I f  r is not 
incident with the triple of  type ~3, there is only one internal edge incident with the 
root and we take the vertex r t incident with the triple of  type ~3 to be the root. The 
new parameters are r~ = r3 - 1 = 0, r E = re + 2, P'l = Pl - 1; the parameters tl and 
t2 still unchanged, so we are back to case 5.2.1 or 5.2.2 but with r3 = 0. 
Finally, we weight the pairs of  type ~2 with F-pairs not used for internal 
edges. 
If r2 ~<2, we use the two pairs {b,/~} and {c,?} which have been used to weight 
only pendant edges. 
If r2 ~>3, there is a minimum of P2 + 3(t3 - r3 - 2) F-pairs used only for pendant 
edges, so we have to verify r2 -2~<p2 + 23-(t3 - r3  -2 )  ¢~ 2(p2 - r2)~>3r3 +2,  but 
2(p2 - r2)~>4r3 - 2t3 + 2fi + 4 and one just need r3 + t3 + 2>~0. 
• P2 + [pl/2J  = 0. 
In this case, we are going to change the root of  the tree in order to obtain P2/> 1. 
We have p2 = 0 so t3 ~> 2. 
I f  r is incident with only internal edges or if d+(r)~> 5, we choose a vertex r t ¢ r ad- 
jacent to a triple of  type ~3 as the new root. The new parameters are p~ = P2 ÷ 1 = 1, 
t~ = t3 - 1, pt  1 = Pl + 1. So we still are in the case tz>~tl. 
I f  d+(r )  = 4 and r is adjacent o pendant edges, there is only one pendant edge 
incident with the root, otherwise p2 ~> 1. 
• I f  t2 - tl is odd, we choose a vertex adjacent o a triple of  type f3  as the new root 
r'. The new parameters are p~ -- p2 4- 1 = 1, t~ = t3 - -  1, t~ = tl -4- 1. So t2  - -  t~ is 
even and positive, therefore we are in case 5.1. 
• I f  t2 - tl is even and tl + t3 is odd, we suppress one pendant edge of  a triple of  
type °#3, so we obtain p~ = P2 4- 1 = 1 and by the reduction process 4.2.1 we are 
in case 5.1.1. 
• I f  t2 - tl and tl + t3 are both even, we choose a vertex adjacent o a triple of  type 
/ 
f3  as the new root r'. The new parameters are p~ = P2 ÷ 1 = 1, t 3 = t3 - 1, 
t I = tx + 1. We suppress the pendant edge of  a triple of  type J ] ,  so we obtain 
t2 -  (t' l - 1) = t2 - t l  even and by the reduction process 4.2.1 we are in case 
5.1.1. 
6.  Case  tl  > t2 
f=3t3+2t2+t l+2p2+pl  =3( t3+t2)+( t~- tz )+2P 2 p l .
Let ~ = P2 - 2[pz/2J ,  q = Pl - 2[p l /ZJ .  
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6.1. Case tl - t2 ~ p2 
Let 6 = (q - t2) - 2[(q - t2)/ZJ, then f = 3(t3 + t2 + 2[(tl - t2)/ZJ) + 2(p2 - 
2[(tl - t2)/ZJ + Lpl/ZJ) + 6 + q. 
6.1.I. Case t3 + t2 even 
(a) (6 = 0, r /=  0) or (6 = 0, t /=  1 and P2 - 2[tl - tz/21 + [pl/2J ~ 0): 
By Proposition 8, for F = f + 1, there exist t3 + t2 + 2 [(tl - t2/21 F-triples, P2 - 
2L(tl - tz)/2J + [(pl/2J  F-pairs and r/ singleton that cover the set {1,2 . . . . .  f} .  We 
apply the processes 1~5 to weight the triples of edges of type ~// and pairs of type 
~i;  if r /=  1 we weight ( f  + 1)/2 the two edges of one pair of type ~1. 
(b) 6+t /=2:  
Q Ift3<~l :p2~2- t3+t l+r2+2r3  =~ p2~>2+2[( f i - t2 ) /2 J+t2+6+r2+2r3- t3  
=~ P2 - 2[(q - t2)/2J/>3 + t2 - t3 ~>3 (ts + t2 even, t3 <~ 1). 
By Proposition 8, for F = f+ 1, there exist ( 3 +t2 +2[( f i  - t2/2J +2)  F-triples, 
(P2 - 2[q - / t2 /2 J  - 2) F-pairs that cover the set {1,2 . . . . .  f} .  
Two conjugate F-triples will weight one triple of type J ] ,  one pair of  type ~ l  
and two pairs of type ~2: 
* I f  t3 >12: as P2 - 2[ti - tz/2J >/6 = 1, by Proposition 12, for F = f + 1, there exist 
(t3 + t2 + 2 [q - t2/2J ) F-triples, and a ~--1-family of two F-triples that have common 
elements with two F-triples weighting triples of type 9-3. 
(c) b= 1, q=0:  
We apply the reduction process 4.2.1 by suppressing one pendant edge from a triple 
of type f l  to be in the case 6.1.1.a). 
(d) b = 0, q = pl = 1, p2 --- 2 Ltl - tz/2J: 
We change the root, the new root r '  is adjacent to a triple of type ~3; the argument 
is similar to the one used in case 6.1.1.b). 
We weight the triples of type ~3 with F-triples which weight riples of type F3 
or defined with two-elements ets used to weight pairs of type ~2 not yet used for 
internal edges; let 01 = 2 It1 - t z /2 J .  
In case (a), it suffice to prove: 
r3<~t3+2[ (p2-O1) /3 J  if p2 -  0t ~ 0 (mod3)  or p l¢  1, 
r3 ~<t3 + 2L(p2 - 01/3J - 2 if p2 - 01 ~ 0 (rood 3) and Pl = 1. 
Let P2 - 2 L(tl - tz/2J = 32 + 7, 0 ~< ~ ~< 2; as r3 ~< 21-(t3 + p2 - tl - r2 - 2), it is enough 
to prove: 
t3 + p2 - tl - r2 - 2 <~ 2t3 + 42 ¢e~ 7 <~ 2 + 2 + t2 + t3 + r2 
if p2 - 2[q - t2/2J ~ 0(mod 3), 
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or t3 + P2 - tl - r2 - 2 ~< 2t3 -k- 42 - 4 ¢* 2 ~< 2 + t2 + t3 + r2 if P2 - 2 [tl - t2/2J = 32 
and Pl -- 1, as 2>-1 the relation is satisfied unless t2 = t3 = r2 = 0 and 2 = 1, but 
then r3 ~< ½ =:~ r3 = O. 
In case (b), it suffice to prove: 
r3 ~<(t3 - 2) + 2 [2(p2 - 01)6 
+6+qJ .  
Let P2 -2[ (q  - t2 ) /2 J  = 32+~,  0~<7~<2; as r3 ~<½(t3 +P2- t l - r2 -2 ) ,  it is enough 
to prove: 
t3 + p2 - tl ~<r2 + 2 + 2t3 - 4 + 42 + 2[(2y + 2/6J 
¢* 7+ 1 ~<2 +t2 +t3 +r2  +2[~+ 1/3J; 
It is then easy to prove that the inequality is true for any value of ?, 0 ~< 7 ~<2. 
We have still to weight pairs of type ~2 with F-pairs not yet used for internal edges; 
f = 3(t3 + t2 + 01) + 2(p2 - 01 + Lpl/2J) + 6 + r/ and we have already used 
3(t2 + 01 + r3) + 3# + [pl/2J F-pairs to weight internal edges, with ~ = 0 if t2 + r3 
is even, ~ -- 1 if t2 + r3 is odd. The weighting is possible if 
3 3 
r2 ~< ~(t3 + t2 + 01) + (P2 -- 01) -- ~(r3 + ¢ + t2 + 01) 
as r2 ~< t3 + P2 -- tl -- 2r3 -- 2, it is enough to prove: 
3 
t3 + P2~<t2 + 01 +6 +2r3 +2 + ~(t3 - r3 - ~) + P2 - 01 
3 1 
¢ ,  ~<2 + ~(t3 q- r3) -k- t2 q- 3. 
The inequality is satisfied. 
6.1.2. Case t3 + t2 odd 
I f  t2 > 0, we change the root of the tree: the new root r' is a vertex adjacent o a 
triple of type J2 ;  we are then in case 6.1.1. 
I f  t2 = 0, t3 is odd, if 3 = 0 we apply the reduction process 4.2.1 by suppressing 
one pendant edge from a triple of  edges of type J3  to be in case 6.1.1(a); if 6 = 1, 
we change the root of the tree; the new root r '  is a vertex adjacent o a triple of type 
~3. In every case we are in case 6.1.1(a) or (c). 
6.2. Case t l - t z  > P2 
Let t~' = tl - tz - 2[p2/2[,  then f = 3(t3 + t2 + 2[p2/ZJ)  + 2(8 + [p , /2 J )  + t~' + I/. 
6.2.1. Case t3 + t2 even 
(a) t~ '+ q even: Let t3 + t2 + 2Lp2/2J = 2k, t~ '+ q = 2q, p = [pl/2J;  as 
t3+P2>/ t l+r2+2r3+2,  thenk1>q and i fe=O,  2k />2q+2-r /=~k/>q+l .  
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D 
By Proposition 12 for F = f + 1 we can define 2k F-triples Ti, Ti 1 <<.i<<.k, a 3-1- 
family of 2q F-triples Tj,-T'j, 1 <<.j<<,q and p F-pairs; we then can apply processes 
1-8 to weight pairs and triples of edges of type J i ,  ~i: 
I f  s = 1 the pair {no,F - no} is given to the pendant edges of one pair of  type 
~2. The 2q triples of the ~- fami ly  weight triples of edges of type 9"1 and, may be, 
two edges of one pair of type ~1; the extra-values weight pendant edges, the internal 
values weight internal edges; these triples have common elements with at most 2q + 2 
F-triples Ti, Ti which will be used to weight a part of triples of type J3;  at last, 
triples of edges of type ~f3 will be weighted with integers which are not yet used 
for internal edges; this weighting is possible subject that the following condition is 
satisfied: 
t3 >/2q + 2 - I /+  r3. 
As t3 ~>r2 +2r3 +t l  - P2 +2 = r2 +2r3 +(t~' + t2 - e )+2 =~ t3 >~(2q+2 - r/) +r3 +(r2 + 
r3 + t2 - s), the inequality is satisfied unless r2 = r3 = t2 = 0, e = 1, t3 = 2q + 2 - r/; 
but if r2 = r3 = 0 the choice of the root implies tl = 0. 
We have still to weight pairs of type ~2 with F-pairs not yet used for internal edges; 
f = 3(t3 + t2 + 2[p2/2J)  + 2(s + [p l /2 J )  + t' 1' + r/ and we have already used 
~(t2 + 2 [pz/ZJ + r3 )+ ~ + 2q + [pl/ZJ F-pairs to weight internal edges, with ~ = 0 
if (t2 + 2Lp2/2 j + r3) is even, ~ = 1 if (t2 + 2Lpz/2J + r3) is odd. 
The weighting is possible if 
r2 ~ 3t3 +s  - 3r3 -- 3~ _ q; as r2 ~<t3 + P2 -- tl -- 2r3 - 2, we have to verify: 
ta+r l+s-2q-2r3 - t2 -2<<.3t3+s-~r3-3¢-q ,  44, 3¢+r /<~2+ ~- + ~ +q+t2;  
as t3 >/2 this inequality is satisfied. 
l! (b) t I even, r /=  1: f is odd and we weight ( f  + 1)/2 the two edges of one pair 
of  type ~ l ,  the remaining is as in the previous case. 
(c) t~' odd, )7 = 0: We apply the reduction process 4.2.1 by suppressing one pendant 
edge from a triple of type ~ to be in the case 6.2.1(a) or 6.1.1(a). 
6.2.2. Case t3 + t2 odd. 
(a) t ' l '+  r/ even or t~' even and r/ = 1: We apply the reduction process 4.2.1 
by suppressing one pendant edge from a triple of type J3  to be in case 6.2.1(a) 
or (b). 
(b) t~' odd and )1 = 0: We are in the case t~ > t2, then the choice of the root 
implies that it is adjacent o at least hree internal edges. We change the root of the 
tree T; let r be the root of T and take a vertex r '  as new root, r t adjacent to a 
triple of type ~'-3. I f  d+(r)~>5 or if d+(r) = 4 and E+(r) has no pendant vertex, 
the new parameters are: t~ = t3 - 1, p~ = P2 + 1, P'l = Pl + 1, and we are in 
case 6.2.1. If  d+(r) = 4 and E+(r) has one pendant vertex, the new parameters are: 
t~ = t3 - -  1, p~ = P2 + 1, p'~ = Pl + 1 - 1 = p~, t'~ = t l  + 1 and we are in case 
6.2.1. 
This ends the proof of Proposition 1. [] 
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Appendix A. Proof  of Proposition 10: Illustration 
A.1. Example 1 
If k=4,  l=3 ,  p=3 andf=6k+41+2p=42,  the matrix M is 
o.-° '°"  . . . . . . .  " ' ' ' 4  7 
• S• / ". 5 "'* 
1 2 3 4 5 6 7 8 9 I0 11 12 13 14 15 16 17 18 19 20 21 
42 41 40 39 38 37 36 35 34 33 32 31 30 29 28 27 26 25 24 23 22 
,, se t
6" ' ' " "  . . . . . . . .  "°°"°"  
T2-family o fF - t r ip les  
(internal values underlined): 
7 36 6 37 5 38 
36 8 35 ~ 35 
29 14 29 14 30 13 
1 42 
I0 33 
32 11 
F- t r ip les  
2 41 3 
16 27 9 
25 18 31 
40 4 39 
34 15 28 
12 24 19 
The 3 F-pairs: (17,26), (20,23), (21,22). 
D. Amar, O. TognilDiscrete Mathematics 190 (1998) 15-38 35 
A.2. Example 2 
If k=4,  l=3 ,  p=3 andf - -6k+4/+2p- l=41,  thematrixM is 
,* / 
s S 
s 
,e 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
41 40 39 38 37 36 35 34 33 32 31 30 29 .28 27 26 25 24 23 22 21 
• s t  S 
T2-family of F-triples F-triples 
7 
7 
28 
35 6 
35 8 
14 28 
36 5 
34 8 
14 29 
37 
34 
13 
1 
I0 
31 
41 2 
32 18 
II 22 
40 3 
24 9 
20 30 
39 4 
33 17 
12 21 
38 
25 
21 
Appendix B. Proof of Proposition 12: Illustration 
Bol. Example 1 
k=6q=5- -21+l  =~ l = 2. ~=1,  p+~=2.  
f=6k+2q+2(p+e)=36+10+4=50.  The matrixM is 
50 48 46 45 44 43 42 41 40 39 38 37 36 35 341 33 32 31 30 29 28 27 26 
"",, """ ..... -/3 . /  
"'-... ..... ..-% 
We use construction A. 
P~ = (10,41), P' = (25,26). 
F-triples: 
T~ T, T~ T2 T3 T3 T4 T4 T5 ~5 T6 ~ 
1 50 2 49 3 48 4 47 5 46 6 45 
16 35 9 42 15 36 8 43 14 37 7 44 
34 17 40 ii 33 18 39 12 32 19 38 13 
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~'l-family of  triples (extra-value underlined): 
2 49 4 47 1 50 3 48 5 46 
21 30 20 31 19 32 lS 33 17 34 
28 23 27 24 31 20 30 21 29 22 
Ti, Ti l ~< i ~< 5 must weight triples of edges of type ~.  
B.2. Example 2 
k=8,  q=3=21+l~l=l ,e=l ,  p+e=2.  
f = 6k+2q+2(p+g) - - -  48 + 6+4 = 58. The matrix M is 
~ - - ~  ~ 5 -  - ,  
L 
We use construction A with t = l (k even, (k/2) - l = 3t = 4 - l ). 
P~ =(13 ,46)  
F-triples: 
T~ T1 T2 
1 58 2 
21 38 12 
37 22 45 
~2 T3 ~3 T~ T~ T5 ~5 T~ ~6 T7 ~ T8 ~8 
57 3 56 4 55 5 54 6 53 7 52 8 51 
47 20 39 11 48 19 40 10 49 18 41 9 50 
14 36 23 44 15 35 24 43 16 34 25 42 17 
9q-family of triples (extra-value underlined): 
2 57 3 56 5 54 
33 36 37 
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T1, T2, T3, 7"5, TI, T2, T3, T5 must weight triples of edges of  type 9-3. 
I f k=8 q=4=>q- l=21+lwi th l= l ,e=O,p- - -1 .  
! --! 
T i, T i, 1 ~<i~<3 are as described above, and 7~ -- (1,45, 13) T'  4 ---- (58, 14,46). 
37 
B.3. Example 3 
k- -5 ,  q=4=21~l=2,  e=l ,  p+e=2.  
f - - -6k+2q+2(p+e) - -30+8+4=42.  The matr ixM is 
~.  .... . 3 
/ .. 1 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
42 41 40 39 38 37 36 35 34 33 32 31 30 29 28 27 26 25 24 23 22 
We use construction B • Lk/2J = l. 
P~. = (14,29) 
Yl -family of triples: 
1 42 3 40 2 41 4 39 
18 25 17 26 15 28 14 29 
24 19 23 2.__0 26 17 25. 18.  
F-triples: 
T1 T1 T2 T2 T3 T3 ~4 T4 T5 T5 
1 42 2 41 3 40 4 39 5 38 
8 35 13 30 7 36 12 31 6 37 
34 9 28 15 33 I0 27 16 32 11 
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T1, T2, T3, T4, TI, T2, T3, T4 and P~ have common elements with the Tj 
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